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Long Cycles Generate the Cycle Space of a Graph
IRITH BEN-ARROYO HARTMAN
Let G be a 2-connected graph in which the degree of every vertex is at least d. We prove that
the cycles of length at least d + 1 generate the cycle space of G, unless G ==Kd +1 and d is odd.
As a corollary, we deduce that the cycles of length at least d +1 generate the subspace of even
cycles in G. We also establish the existence of odd cycles of length at least d +1 in the case
when G is not bipartite.
A second result states: if G is 2-connected with chromatic number at least k, then the cycles
of length at least k generate the cycle space of G, unless G == K k and k is even. Similar corollaries
follow, among them a stronger version of a theorem of Erdos and HajnaI.
1. INTRODUCTION
The cycle space of a graph G is the vector space of all edge sets of Eulerian subgraphs
of Gover GF(2). If K and L are sets of edges of two Eulerian subgraphs of G, their
sum K +L is defined as the set of edges of G which belong to one of K and L, but not
both. It is well-known that the cycle space has a basis which consists only of cycles,
where a cycle is regarded as the set of its edges.
A set ee of cycles in a graph G is said to generate the cycle space if every cycle C of
G can be written as a sum of cycles C, in ee.
In 1952, Dirac [3] proved that if G is a simple graph in which the degree of every
vertex is at least d (d ~ 2), then G contains a cycle of length at least d + 1. The existence
of a relatively long cycle is thus guaranteed; our aim is to show that if G is also
2-connected, then there are sufficiently many long cycles to generate the cycle space.
In the complete graph K d +1 with d odd and d ~ 3, the cycles of length d +1 are all
of even length, and hence cannot generate the cycle space, because no odd cycle can be
expressed as a sum of even cycles. However, in section 2 we prove that the cycles of
length d + 1 or more do generate the cycle space in all other 2-connected graphs in which
the degree of every vertex is at least d.
THEOREM 1. Let G be a 2-connected graph in which the degree of every vertex is at
least d . Then the cycles of length d + 1 or more generate the cycle space of G, unless
G =Kd +1 where d is odd, in which case the cycles oflength dar more generate the cycle space.
Various corollaries can be deduced from this theorem.
COROLLARY 1.1. If G is a 2-connected graph in which the degree of every vertex is
at least d, then the cycles of length at least d + 1 generate the subspace of even cycles of G.
PROOF. By Theorem 1, it is sufficient to prove that if G =Kd + h where d is odd,
then the Hamilton cycles generate all the even cycles in G. In K d + 1 some (and hence
each) 4-cycle is the sum of two Hamilton cycles. (The cycle XI X3X4XZXl is the sum of C1
and Cz as shown in Figure 1). Since any even cycle of length greater than four in a
complete graph contains an 'even' chord, the 4-cycles generate the subspace of even
cycles of K d + 1•
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FIGURE 1
The following corollary is a slightly weaker version of Lemma 1, to be quoted in
section 2. It is due to Lovasz [6].
COROLLARY 1.2. If G is a 2-connected graph in which the degree of every vertex is
at least d, then any two vertices in G are connected by a path of length at least d.
PROOF. If G =.Kd + b then the conclusion is trivial. Therefore, we may assume that
G?FKd + 1• Let x and y be two distinct vertices in G. Assume, first, that x and yare
adjacent by an edge e. Since G is 2-connected, e is contained in some cycle C. Moreover,
because G?/= K d + ll cycle C is generated by cycles of length at least d + 1, by Theorem 1.
One of these cycles must contain e, and the result follows.
If x and yare not adjacent, then we define the graph G' to be G +e where e = xy.
Since G' satisfies the conditions of Corollary 1.2, e is contained in a cycle in G' of length
at least d + 1, and so x and yare connected by a path in G of length at least d.
COROLLARY 1.3. Let G be a non-bipartite 2-connected graph in which the degree of
every vertex is at least 2k. Then G contains an odd cycle of length at least 2k + 1.
PROOF. Since G is not bipartite, it contains an odd cycle, C. By Theorem 1, C can
be generated by cycles of length at least 2k + 1. Since no odd cycle can be expressed as
a sum of even cycles, one of the cycles in the generating set must be odd.
As a corollary to the theorem of Dirac previously mentioned, he [3] showed that a
graph G with chromatic number k, where k ;;;. 3, contains a cycle of length at least k.
This result motivated the following theorem, the proof of which is based on the proof
of Theorem 1.
THEOREM 2. Let G be a 2-connected graph with chromatic number at least k, where
k ;;;. 3. Then the cycles of length at least k generate the cycle space of G, unless G =.Ki,
where k is even, in which case the cycles of length at least k -1 generate the cycle space.
From Theorem 2, we deduce three corollaries analogous to Corollaries 1.1-1.3, using
similar proofs.
COROLLARY 2.1. If G is a 2-connected graph with chromatic number at least k, then
the cycles of length at least k generate the subspace of even cycles of G.
COROLLARY 2.2. If G is a 2-connected graph with chromatic number at least k, then
any two vertices in Gare connected by a path of length at least k -1.
Cycle space of a graph
The next corollary is a stronger version of a theorem of Erdos and Hajnal [4].
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COROLLARY 2.3 Let G be a graph containing no odd cycle of length greater than
2k -1, where k ;?; 1. Then Gis (2k -1)-colourable, unless G contains the complete graph
K 2k , in which case Gis 2k-colourable.
PROOF. The corollary is trivially true for k =1, so we may assume that k ;?; 2. Let
G be a graph such that X (G);?; 2k + 1, and let G' be a (2k + 1)- critical subgraph of G.
Since G' is critical, it is 2-connected, and by Theorem 2, the cycles of length at least
2k + 1 in G' generate the cycle space of G'. Now, G' is not bipartite. Therefore, as in
the proof of Corollary 1.3, any cycle basis must contain an odd cycle and so it follows
that G', and hence also G, contains an odd cycle of length at least 2k + 1.
In a similar manner, one can prove that if X(G) ;?; 2k (k ;?; 2), and K 2k ~ G, then there
exists an odd cycle in G of length at least 2k + 1.
2. PROOF OF THEOREM 1
We introduce the following terminology; other notation and terminology is from [1].
Let G be a separable graph. A block of G which contains exactly one cutvertex is called
an endblock. An internal vertex of an endblock is a vertex of the block different from
its cutvertex. Let L1 denote the maximum degree of any vertex of the graph.
LEMMA 1 (Lovasz [6]). Let G be a nonseparable graph, and let u and v be vertices of
G (with u ;6 v unless G == K d. Suppose that L1 ;?; d and that each vertex of G other than u
and v has degree at least d. Then there is a (u, v)-path in G of length at least d .
The proof of the following lemma is based on Lemma 1.
LEMMA 2. Let G be a 2-connected graph, let C be a subgraph of G, containing at
least two vertices, and let H be a component of G - C containing at least two vertices. If
every vertex of H has degree at least d in G, then there exist two distinct vertices, u and v,
in H, both adjacent to C, such that (a) I[N(u)uN(v)]n V(C)I;?;2, and (b) u and v are
connected by a path P, disjoint from C, of length at least m =max{d - ku , d - k v } , where
k; and k v are the numbers of neighbours of u and v, respectively, on C.
PROOF. Since G is 2-connected, there exist two distinct vertices u and v in H, both
adjacent to C, such that (a) is satisfied. It will be shown that u and v can be chosen so
that they are connected by a path in H of length at least m.
If H is nonseparable, choose u and v to be vertices of H with as many neighbours
on C as possible. Without loss of generality, we may assume that k; ",;; k.; Every vertex
of H, except perhaps u, has degree at least d - k; in H. By Lemma 1, there is a (u, v)-path
P in H of length at least m.
If H is separable, we may choose u to be an internal vertex of an endblock B of H,
and having as many neighbours on C as possible . If k; > 1, then v can be chosen to be
an internal vertex of some other endblock B' of H, having as many neighbours on C as
possible. We have k v ",;;k; and every internal vertex of B' is of degree at least m = d - k ;
Therefore, by Lemma 1, there is a path of length at least m between v and the cutvertex
of B'. Since u is in some other endblock, this path can be extended to a (u, v )-path of
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length greater than m. If k; = 1, then choose v in any block, different from B, such that
(a) is satisfied; we include the possibility that v is the cutvertex of B. It follows from
Lemma 1 that there is a path in B of length at least d - 1 between u and the cutvertex
of B, and this can be extended to a (u, v )-path of length at least m = d-1.
This completes the proof of Lemma 2.
Using this lemma, we now prove Theorem 1.
PROOF OF THEOREM 1. The proof proceeds by induction on d. The theorem clearly
holds for d = 2. Assume that it holds for all d with 2,;;;:; d ,;;;:; n, and let G be a 2-connected
graph in which the degree of every vertex is at least n.
Since G is not the complete graph Ki; it follows from the induction hypothesis that
the cycles of length n or more generate the cycle space of G. Therefore, it is sufficient
to prove that the cycles of length n +1 or more generate the cycles of length n, unless
G ==Kn + l and n is odd.
Thus, we may assume that G is not the complete graph Kn + h of even order, and that
G contains a cycle C = XoXl ••• Xn-IXO of length n.
Suppose that every component of G - C contains precisely one vertex. Let H = {u}
be such a component. If n is even, we define cycles Ch C2 , • • • ,Cn by (see Figure 2):
-c;
FIGURE 2
i-1, 2, ... , n.
These cycles are clearly of length n + 1, and they generate the cycle C.
If n is odd, then, by assumption, G'1'Kn + h and there must be another component {v}
in G - C. Since both u and v are adjacent to all the vertices of C, we may define the
following three cycles (see Figure 3):
C I = xoUXIC[Xh xo],
C2 = XIVX2C[X2, Xl],
and
C3 = XOUXIVX2C[X2, xo].
The cycles C h C2 , and C3 are all of length at least n +1, and they generate the cycle C,
as required.
Assume, now, that there exists a component H of G - C containing at least two
vertices. By Lemma 2, there exist two distinct vertices U and v in H, together adjacent
to at least two vertices of C, and connected by a path P in H of length at least m. Using
this path, we shall construct cycles which generate the cycle C. Without loss of generality,
we may assume that k; ,;;;:; k u , and hence that m = n - k.;
Cycle space of a graph
FIGURE 3
--C1
--- Cz
_·-C3
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Case (a). Assume that C contains three distinct vertices x, y and z such that
(a) x and yare consecutive on C,
(b) x, y EN(u), and
(c) Z EN(v).
Choose such vertices so that the distance around C between y and z is minimal.
Without loss of generality, we may assume that x =Xo, Y=XI and z =Xi'where 2,,;;; j,,;;; n12.
We shall show that j,,;;; n - k; +1, unless n = k.;
Suppose that j;?; n - k; +2, and n > k.; By the choice of the vertices x, y and z, the
two segments C[x" Xi-I] and C[Xi+" XZi-l] do not contain two consecutive vertices
adjacent to u.
Therefore, the maximum number of vertices of C which can be adjacent to u is
r
j
-112 -2- + 1+n -[2(j -1)+ l],,;;;n -j +2 ,,;;;kv <k.;
Since there are k; vertices on C adjacent to u, we must have equalities in the above
expression.
Thus,
and u is joined to the vertices
k; = k.; j = n -kv +2, (1)
and to all the vertices in the segment C[XZi> xo]. The vertex v is adjacent to Xi> and to
at most one other vertex of C (when n = 2j v may be adjacent to xo). Thus,
which implies by (1)
n 0
-;?;J;?;n
2 '
a contradiction. We conclude that j,,;;; n - k; + 1 for n > k.;
Using the path P(u, v), we shall construct three cycles which generate the cycle C (see
Figure 4). Let
C I = XOUXIC[x" xo],
c, = XluP[u, v]xjC[Xj> XI],
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Since P is of length at least max{n - k.. 1}, 2:::;; j:::;; n - k; + 1 if n > k.; the cycles CI,
C2 , and C3 are all of length at least n +1, and they generate the cycle C, as required.
Case (b ). Assume that there do not exist two consecut ive vertices x and Y' on C,
adjacent to u, such that C - {x, y}contains a vertex adjacent to v.
Choose two vertices sand t on C, adjacent to u and v respectively, such that the
distance around C between sand t is maximal. Without loss of generality, we may
assume that t = Xo and s = x.; where 0 < j :::;; n/2. We shall show that j;;,: k; -1.
Suppose that i« k ; - 2. By the choice of sand t, the segment C[Xj+I, Xn - (i +I )] does
not contain any vertices adjacent to u, and the segments C[Xl, Xj] and C[xn -j, Xn-I] do
not contain two consecutive vertices adjacent to u.
Therefore, the maximum number of vertices which can be adjacent to u is
Since k« vertices of C are adjacent to u, we must have equalities in the above expression.
Therefore,
and u is joined to the vertices
Xn -j, Xn-j+2, . .. , X - 3, x -1, xo, XI, X3, . .. ,Xj- 2, Xj'
Thus, no other vertex, except xo, is adjacent to v, implying that k; = 1. But 1:::;; j = k; - 2,
a contradiction. Therefore j ;;,: k ; - 1.
We shall now construct two cycles which generate the cycle C (see Figure 5). Let
CI = xovp[u, v]xP[Xj, xo]
and
Since P is of length at least n - kv , and k; -1 :::;; j:::;; n/2, the cycles C I and C2 are of length
at least n + 1, and they generate the cycle C as required. This completes the proof of
Theorem 1.
Cycle space of a graph
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An immediate consequence of the proof of Theorem 1 is the following theorem.
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THEOREM I'. Let G be a 2-connected graph containing a cycle C of length n. If every
vertex x E V(G -C) has degree at least n, then C can be generated by cycles of length at
least n + 1, unless IV(G)I = n + 1, and n is odd.
3. PROOF OF THEOREM 2
Before proving the theorem, we introduce a new concept.
DEFINITION. Let G be a graph, and let C be a subgraph of G. We say that G is
k-critical with respectto C if X(G) = k and, for all x E V(G - C), X(G -x) < k.
It is easy to see that every graph G with X (G) ~ k and with a subgraph C of order
at most k, contains a k- critical subgraph with respect to C. The following lemma notes
some other properties of such graphs.
LEMMA 3. Let G be a k-critical graph with respect to some subgraph C. Then the
following properties hold:
(a) For all x E V(G -C), d(x)~k -1;
(b) If G is not 2-connected, then the subgraph G - C is contained in a block of G.
PROOF. If x E V(G -C) and d(x)~k -2, then a (k -I)-colouring of G -x can be
extended to a (k -I)-colouring of G, contradicting the fact that the chromatic number
of Gis k.
To prove part (b), assume, by way of contradiction, that there exist vertices x, y E
V(G -C) contained in different blocks of G. It follows that every block of G can be
coloured by at most k - 1 colours, since no block contains all the vertices of G - C and
G is k-critical with respect to C. Now, (k -l)-colourings of the blocks of G can be
chosen so that any two blocks with a cutvertex in common are assigned colourings which
agree on the cutvertex. These colourings together yield a (k -I)-colouring of G, a
contradiction.
From Lemma 3(b), we can immediately deduce
COROLLARY 2.4. Let G be a k-critical graph with respect to some 2-connected subgraph
C. If G is not Z-connected, then one of the following is true:
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(a) G[ V(C)) is a block of G, containing a cutvertex x, and G[V(G - C) u{x}] is the only
other block in G.
(b ) G - C is a block of G, containing a cutvertex y, and G[ V (C) u {y}] is the only other
block in G .
(c) G consists of three blocks: the subgraph G[V(C )] with cutvertex x, G - C with cutvertex
y, and the edge xy.
(d) G is a disconnected graph with two components: G[V(Cl] and G-c.
PROOF OF THEOREM 2. By induction on k , The theorem clearly holds for k = 3.
Assume that it holds for all k , 3 ~ k < n, and let G be a 2-connected graph with chromatic
number at least n. If G =Kn , for n even, then, by Theorem 1, the cycles of length at
least n -1 generate the cycle space. We may, therefore, assume that G=J=Kn for n even.
By the induction hypothesis, it is sufficient to prove that the cycles of length n -1 are
generated by the cycles of length n or more. Let C be a cycle of length n -1 with vertices
Xl, X2, .. . ,Xn-l, and let G' be an n-critical subgraph of G with respect to C. By Lemma
3(a), the degree in G ' of every vertex X E V(G'-Cl is at least n-1.
Assume, first, that G' is 2-connected. If G' is not of order n, for n even, then it follows
from Theorem l' that C is generated by cycles of length at least n. Otherwise, IV(G')I = n
is even, and x(G') = n, implying that G' =Kn • Now, by assumption, G=J=Kn since n is
even. Therefore, there exists a vertex u E V (G - G' ). Let v be the vertex of G' not on
C. Since G is 2-connected, u is connected by two internally-disjoint paths PI and Pz to
two distinct vertices of C, say Xl and Xj, where 2 ~j ~ n12. If one of these paths, say Pi.
contains v, then define the following three cycles [see Figure 6(a)]:
Cl = P2[u, V]xZC[X2' XI]PI[Xh u],
C z = VX3C[X3' xz]v,
and
(0 ) (b)
--C1
--- C2
-'- Cs
FIGURE 6
(c)
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Otherwise, v is on neither of these paths, and we define C), C2 and CJ by [see Figures
6(b), 6(c)]:
C
I
= {P2[U, Xj]C[xj, Xn -I]X2C[X2, Xj-I]xIPI[x), u],
P2[u, xJC[x;, XI]PI[X), u],
C2 = VXj+IC[Xj +), Xj]v,
for j";i!:3,
for j = 2,
for all i,
C
J
= {P2[U, Xj]VXj+IC[Xj+), Xn-I]x 2C[X2, Xj-I]xIPI[x), u] for t» 3,
P2[u, Xj]VXj+IC[Xj+l, xdPI[x), u] for j = 2.
The cycles C), C2 and CJ are of length at least n and they generate the cycle C.
If G' is separable, we may apply Corollary 2.4 . Since G is a 2-connected graph, there
exist two disjoint paths, PI and P2, in G, connecting C and G'- C. Furthermore, if G'
contains a cutvertex x in C [as in cases (a) and (c) of Corollary 2.4 ; see Figure 7(a )],
then one of the paths, say PI, can be chosen to be an edge x y, where y is some vertex
of G' - C. In this case, for every vertex z in G' - C,
do'-c(z) ";i!:do'(z )-1";i!:n -2.
( a )
G'-C
(b)
--C1
---C2
FIGURE 7
( c I
Similarly, if G' contains a cutvertex y in G ' - C [as in cases (b) and (c) of Corollary
2.4; see Figure 7(b)], then PI can be chosen to be an edge xy, where x is some vertex
of C. In this case, for every vertex z (,e y) in G' - C
do'-c(z) = do, (z )";i!:n-1.
LetP2=P2[u, v], where U E V (C) and v E V (G'-C ).
By Lemma 1, there exists a (y, v) path Q in G'-C of length at least n -2. Using this
path and the paths PI and P2we construct the following two cycles [see Figures 7(a), 7(b)];
C I = Q[y, V]P2[V, U]C[u, x ]PI[X, y]
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C2= Q[y, V]P2[V, u ]C[X, u ]PI [X, y]
These cycles are of length at least n +1 and they generate the cycle C, as required.
If G' is disconnected [as in case (d) of Corollary 2.4; see Figure 7(c)], then G'[V(C)]
and G' - C are its only components, and both are blocks. Since G is 2-connected, they
are connected by two independent paths Pl[x, y] and P2[u, v], where x, U E V(C) and
y, v E V(G'-C). The vertices y and v are connected by some path in G'-C of length
at least n -1. As in the former case, using this path and the paths PI and P2 we construct
two cycles of length at least n + 1 which generate the cycle C as shown in Figure 7(c).
This completes the proof of Theorem 2.
4. A POSSIBLE GENERALIZATION
A theorem of Dirac states that if G is a 2-connected graph in which the degree of
every vertex is at least d, and which has at least 2d vertices, then it contains a cycle of
length at least 2d. This theorem motivates the following conjecture.
CONJECTURE [2]. Let G be a 3-connected graph in which the degree of every vertex
is at least d. If G contains at least 2d vertices, then the cycles of length at least 2d - 1
generate the cycle space of G.
On the condition that this conjecture holds, we easily deduce the following result,
which is a corollary of a theorem of Grotschel [5] (Theorem 8, case r = 1).
COROLLARY. Let G be a 3-connected graph in which the degree of every vertex is at
least d. If G contains at least 2d vertices, then any two vertices in G are connected by a
path of length at least 2d - 2.
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